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Abstract. In this paper we prove that, for asymptoticaUy bounded holomorphic functions 
, defined in a polysector in C", the existence of a strong asymptotic expansion in Majima's 

04 ' sense foUowing a single muhidirection towards the vertex entails (global) asymptotic expansion 

$— ( , in the whole polysector. Moreover, we specialize this result for Gevrey strong asymptotic 

expansions. This is a generalization of a result proved by A. Fruchard and C. Zhang for 
asymptotic expansions in one variable, but the proof, mainly in the Gevrey case, involves 
different techniques of a functional-analytic nature. 
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1. Introduction 



. In 1886 H. Poincare put forward the concept of asymptotic expansion for holomorphic com- 

Q ! plex functions / defined in an open sector S" C C with vertex at 0, by associating to / a 
O I formal power series / = X]n>o'^n-^" ^ '^[[^]] whose partial sums fjy = J2n<N-i^nZ"' suitably 
^ ' approximate / on every subsector T of S. The most important instance consists of the so-called 
^ ■ Gevrey asymptotic expansions of a positive order k, in which case / — /tv is bounded in T by 
O ' CA^ N\''\z\'^ for positive constants C,A depending only on T. The infimum of the constants 
A > allowed in the previous expression is known as the Gevrey type of the asymptotic ex- 
pansion. Gevrey asymptotics incessantly appear in the theory of algebraic ordinary differential 
equations and of meromorphic systems of differential equations at an irregular singular point. 
^ . In this context, summability theory has received increasing attention from many authors such 
I as J.-P. Ramis, W. Balser, B.L.J. Braaksma, B. Malgrange, Y. Sibuya and others, since the 
seventies ([1] is a standard reference). 

In 1999, A. Fruchard and C. Zhang (Theorem 1 in [5]) proved that, for a holomorphic function, 
defined in a sector S and bounded in every subsector of S, it is sufficient for the asymptotic 
expansion to exist that the approximation occurs just in a direction in S, i.e. for the elements 
in 5* having a fixed argument. So, asymptotic expansion following a direction entails (classical, 
global) asymptotic expansion. Moreover, if the asymptotic expansion following direction 6 is of 
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/c-Gevrey order and fixed type, the asymptotic expansion remains /c-Gevrey in S, and the type 
following any other direction may also be determined (for more details we refer to [3]). The 
proofs of these two results rest, on one hand, on Phragmen-Lindelof-like results and, on the 
other hand, on the Borel-Ritt and Borel-Ritt-Gevrey theorems, respectively. Our main aim in 
this work is to give a generalization of this result to the several variables setting (Theorem l5.27p . 

R. Gerard and Y. Sibuya [7] extended in 1979 the concept of asymptotic expansion to the 
case of holomorphic functions of several variables defined in polysectors (products of sectors), 
but their definition turned out not to be stable under derivation, unlike Poincare's one (see [10] 
for a counterexample due to J. A. Hernandez, F. Lopez and S. Perez-Cacho). In 1983 H. 
Majima [121 [13] defined the so-called strong asymptotic expansions, a technical and difficult- 
to-handle notion for which, however, the following equivalence was found [5]: a function / 
admits strong asymptotic expansion in a polysector 5* if, and only if, the function and all 
its derivatives are asymptotically bounded, i.e., bounded in each bounded subpolysector of S. 
Hence, this concept overcomes the lack of Gerard-Sibuya's definition, and it is considered to be 
the good generalization to several variables of the classical concept. The previous equivalence 
remains valid in the Gevrey case, introducing appropriate bounds for the derivatives, see [8]. 
The asymptotic information for a function / is carried in this case by a coherent, so-called 
total family of functions, denoted by TA(/) (see Definitions 13.11 and 13. 2p . whose elements 
can be obtained, as it happens in the one variable case with the a„ above, as limits of the 
derivatives of / with respect to some of the variables when they tend to zero (see ([3])). So, 
interpolation results such as Borel-Ritt and Borel-Ritt-Gevrey theorems in this context should 
start from families such as TA(/) instead of just series ^jveNjf Inz^ in n > 1 variables (whose 
coefficients are just a part of the total family, see Remark 15. lip . This makes a big difference 
between the situations in one or several variables, and causes many of the intricacies coming 
next, as we will try to explain henceforth. 

The paper is organized as follows: 

Section 2 is devoted to fix some notation that will be used throughout the paper. In Section 
3 we establish some preliminaries on general and Gevrey strong asymptotic expansions, both 
in a global sense and following a product of directions (a multidirection, in this paper). In a 
multidirection, null strong asymptotic expansion and exponential decreasing are proved to be 
equivalent, see Proposition 13. 8[ Also, the main result of Fruchard and Zhang is presented (The- 
orem [3]TD]). Section 4 is devoted to recalling or stating several preparatory lemmas, specially a 
Phragmen-Lindelof theorem in several variables. 

Section 5 contains the main results of the paper. From Lemma 15.11 to Remark 15.91 we prove 
that null strong asymptotic expansion in a multidirection amounts to global null asymptotic 
expansion, both in the general and in the Gevrey cases. An important part of the paper is 
based in Lemma 15. 4[ that is not an obvious generalization of the corresponding result in one 
variable. Lemma 2 in [5]. The need to control the size of the constants involved, in order 
to make induction on the number of variables, forced us to develop a completely different 
proof, of a prominently technical nature, for a refined and subtle version of Lemma 2 in [5], 
appearing here as Lemma 15.21 Regarding the general multidimensional version of our main 
result. Theorem 15.271 part (i), one can draw an exact analogy with Theorem 1 in [5], since all 
is needed is a Borel-Ritt theorem for strong asymptotics which interpolates total families, like 
the ones in [9l [6] . 
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However, in the Gevrey case things become more comphcated, as one needs to take care of 
the types. In the one variable case, for a function / with 1-Gevrey asymptotic expansion / 
in a direction with type R > one can readily associate, by means of the truncated Laplace 
transform of the 1-Borel transform of /, another function with the same asymptotic expansion 
in a sector with opening it and whose type may be explicitly determined in every direction in 
the sector. This changes drastically in the several variables situation, since the same procedure 
will provide a function with the same formal series of strong asymptotic expansion, but with a 
possibly different total family. This is explained from Definition 15. 101 to Theorem I5.12[ where, 
following an idea of Haraoka [8], we use the truncated Laplace transform to solve a multidimen- 
sional Borel-Ritt-Gevrey interpolation problem for series of strong asymptotic expansion, while 
making precise estimations on the type in every multidirection. This method works equally well 
for series with coefficients in a complex Banach space, but fails if they are allowed to belong to 
a Frechet space, since the very concept of Gevrey series will be no longer clear in this general 
case. So, our next objective will be to settle the problem of interpolating total families in a 
Banach space framework. 

Precise interpolation results (i.e. with estimations for the type in every multidirection) for 
strong asymptotic expansions are not available neither in the works of H. Majima, Y. Haraoka 
and others, nor in the papers on closely related subjects that exist in the literature, especially 
dealing with extension results for ultradifferentiable or ultraholomorphic classes (see, for exam- 
ple, UlimillllSlIIZlIISlIin]). in order to remedy this lack, we note first that, following 
the derivatives of functions with 1-Gevrey strong asymptotic expansion are suitably bounded, 
and this fact permits the introduction of a Banach structure in the space of such functions, 
see Definition I5.14[ where the type is allowed to depend on the multidirection (a similar idea 
was already applied in [151 ES], but there the type was assumed to be constant). Secondly, 
we replace TA(/) by its first order subfamily, TAi(/), as indicated in Definition 15.191 Before 
obtaining a Borel-Ritt-Gevrey result in this context (Lemma I5.26p . we need to make a study of 
the growth of the derivatives of the function built in Theorem 15.121 in order to properly iden- 
tify the Banach space to which the function belongs (see Proposition I5.17( ). As we see in this 
result, there is a price to pay, concerning the type of the Gevrey asymptotic expansion: The 
precise knowledge of the exact type of the asymptotic expansion does not allow one to know 
exact bounds for the derivatives. This does not represent a serious inconvenient in most of the 
applications, where the precise type is of moderate interest, but will cause technical difficulties 
in the present paper. Mainly, there is a loss of precision that in particular forced us to control 
the type by a term of order cos(^ — 6^0)^, instead of cos(6' — ^o), as would be desirable. The 
existence of better interpolation results would make this proof easier, and the bounds involved, 
less complicated. The second part of Theorem 15.271 is the 1-Gevrey multidimensional version 
of Fruchard-Zhang's result. We depart from a function / admitting 1-Gevrey strong asymp- 
totic expansion following a multidirection with a type Ro{0o), and with an associated first 
order family whose elements belong to suitable Banach spaces with types Rj, j = 1, . . . ,n. 
Then, we prove that / admits 1-Gevrey strong asymptotic expansion in the whole polysector 
with a type in every multidirection which depends on Ro{6o), the Rj and the function g in 
Proposition I5.17[ which was related to our loss of precision. 

Finally, we point out that related results could possibly be obtained for other types of asymp- 
totic expansions available in the literature, for instance, in other ultraholomorphic classes of 
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functions. Nevertheless, the absence of appropriate integral expressions for the corresponding 
interpolating operators in this context makes very difficult and technical its treatment, as can 
be seen in the works of J. Chaumat, A.-M. ChoUet |1] and V. Thilliez [19]. Monomial asymp- 
totic expansions developed by M. Canalis-Durand, J. Mozo and R. Schafke in in order to 
treat singularly perturbed problems, are another class of asymptotic expansions where similar 
results could undoubtedly be obtained. 

2. Notations 

We set N := {1, 2, . . .} and Mo := NU{0}. Let a = (ai, aa, ...,«„), /3 = /32, ... , e N[J 
be two multiindices, m G [0, oo), t = (ti,t2, ■ ■ ■ , t„,) G M" and z = {zi, Z2, . . . , Zn) G C". We set 

CK + /3 = (ai + a2 + /32, . . . , ftn + |q;| = tti + a2 + . . . + a„, 

CK < /3 -v^ < Pj for every j, a < (3 ^ aj < /3j for every j, 

1 = (1, !,...,!), ;z" = zr 4' 

Qa Q\a\ 



\Z\ — \Zl\ \Z2\ ■ ■ ■ \Zn\ , ^ 



dz" dz^'dz^^ ...dz^-' 
mt = {mti,mt2, ■ ■ ■ ,mtn), m"=m'"', 

j) 

ct\ = ajaa! ■ ■ ■ aj, e^- = (0, . . . , 1, . . . , 0), 

arg(z) = (arg(zi), . . . , arg(z„)), cos(t) = (cos(ti), . . . , cos(t„)). 

A sector in C will be a set 

S = S{a, /3; p) = {2; G C : < 1^1 < p, arg(2) G (a, /3)}, 

where a, f3 E M., a < f3, and p G (0, 00]. 

We say a sector T is a (bounded and proper) subsector of S, and write T -< S, whenever T 
is bounded and T \ {0} C S. 

A polysector S = YYj=i ^ is a cartesian product of sectors. We say T = 11^=1 ^ 
(bounded and proper) subpolysector of S, and write T -< S*, if Tj -< 5^ for j = 1, . . . , n. 

Given a = (ai, . . . , a„), /3 = (/3i, . . . , /3„) G M", with aj < f3j for every j, and p = 
(pi, . . . , p„) G (0, cx)]", 5(0;, /3; p) denotes the polysector YY^=iS{aj, (Sf, pj). li 6 = {61, . . . ,6n) 
is such that aj < 9j < /3j for every j, we say is a multidirection in 5(0;, /3; p). 

dS denotes the boundary of S, while ddS stands for the distinguished boundary, i.e., 

ddS = {{zi, . . . ,Zn) e S : Zj e dSj for every j G {1, . . . , n}}. 

0{S), resp. C{S), will stand for the space of holomorphic, resp. continuous, complex functions 
defined in S. 

For a set 5 C C \ {0}, we put B'^ := {z e C : z'^ G B}. 

For n G N, we put M = {1,2,..., n}. For J C Af, # J denotes its cardinal number, and 
J' := JV\ j. For j G A/" we use j ' instead of {j}'- In particular, we shall use these conventions 
for multiindices. 

Given z G C" and a nonempty subset J of A/", we write zj for the restriction of z to J, 
considering z as an element of C-'^. Similarly, if = YYj=i is a polysector of C", then 
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Finally, D{z, R) will denote the polydisc with centre z G C" and polyradius R G (0, oo)". 

3. Preliminaries 



Strong asymptotic expansions were introduced by H. Majima [121 113] • This notion generalizes 
to several complex variables the concept of asymptotic expansion defined by H. Poincare in 1886. 
Let us recall in this Section the main definitions and state the basic result of the paper. 

Definition 3.1. Let n E N, n > 1, and S C C" be a polysector. A function / G 0{S) has a 
strong asymptotic expansion in S if there exists a family 

(1) J" = {/at, g OiSj,) ■.$^JcM,Nje NjO, 
(/atj G C if J = Af), such that, if we define for every N E Nq the function 

App^(^)(z) := ^ ^ fH,M^7', ^^S, 

Hj<Nj 

then, for every subpolysector T S and every N G Nq, there exists c = c{N, T) > with 

(2) |/(z)-App^(^)(z)|<c|zr, zeT. 

Following Haraoka [8j, / is said to have 1-Gevrey strong asymptotic expansion in S if the 
constant c = c{N, T) in ([2]) may be chosen in the form 

c(Ar,T) =cA^N\, 

for certain c = c(T) > and A = A{T) G (0, oo)" depending only on T. 

Let us note that J-" is uniquely determined by /. In fact, ifT-<5',07^JCA/' and Nj G Nq, 

(3) lim KrT^ = /^.(^i'), 

the limit being uniform in Tj/ -< Sjr whenever J ^ Af. We call J-" the total family of strong 
asymptotic expansion of /, and we denote it from now on by TA(/). 

We will say that / has null strong asymptotic expansion if all the elements in TA(/) identi- 
cally vanish. 

TA(/) turns out to be a coherent family, in the following sense: 

Definition 3.2. A family J-" as in ([1]) is coherent in 5* if for every T -< S, every disjoint 
nonempty J,L(1 Af, and every NjENq, A/"^ G Nq , we have 

the limit being uniform in T(^july (if J U L 7^ Af). 

For n = 1, TA(/) reduces to a sequence of complex numbers {anjnsNo! the coefficients of the 
formal power series / = X]„gj!jg CLnZ^ of asymptotic expansion in one variable. In this situation 

we will write / ~ /, or / / in case the asymptotic expansion is of Gevrey order k > 0. Of 
course, coherence is always satisfied when n = 1. 
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Next we define, generalizing [5], a notion of asymptotic expansion following a multidirection. 

Definition 3.3. Let G N, S* C C" a polysector, / G 0{S), and 6 = {6i, . . . ,6n) a multidirec- 
tion in S*. / is said to have a strong asymptotic expansion following 6 if there exists a coherent 
family J-" on S* such that, for every N G Ng, there exists c = c{N) > verifying (|2]) for every 
z E S with arg(z) = 6. 

Let us state now some definitions and a result relating null 1-Gevrey strong asymptotics to 
exponential decreasing, both following a multidirection. 

Definition 3.4. Let S* C C" be a polysector and 6 a multidirection in S. We say / has a 
1-Gevrey strong asymptotic expansion of type R = (-Ri, . . . , G (0, oo)" following ii f 
has a strong asymptotic expansion following d and, moreover, the constant c that appears in 
Definition 13.31 is given as follows: for every S > 0, there exists Ci = Ci{S) > 0, such that 

for every N = {Ni, . . . , iV„) G N^. 

Remark 3.5. If / and g have 1-Gevrey strong asymptotic expansion of types R = {Ri, . . . , 
and R = . . . , respectively, following 0, then f + g has 1-Gevrey strong asymptotic 
expansion of type R = . . . , Rn) following 6, where Rj = mm{Rj, Rj), j G M. 

Definition 3.6. Let S C C" be a polysector, / G 0{S), and 6 a multidirection in S. f is 
said to be exponentially flat, or exponentially decreasing, of type R = . . . , Rn) G (0, oo)"- 
following 6 if for every 6 > 0, there exists M > with 

Rl-^ Rn-S 

(4) |/(z)| <Me- — 

for every z = (zi, . . . , Zn) G S with arg(2;) = 0. 

Remark 3.7. In the one variable case, one agrees that an exponentially fiat function of type 
following a given direction is just a function which is bounded in that direction. So, if in the 
previous Definition some of the components of R were null, it would mean that we can delete 
the corresponding terms in the exponent appearing in the estimates (j4]). 

These definitions extend those in the one- variable case as stated in [5]. Next result is essen- 
tially contained in [15]: we state and prove it here because we need precise estimations of the 
types R. 

Proposition 3.8. Let S* G be a polysector, / G 0{S), a multidirection in and 
R G (0, oo)". The following conditions are equivalent: 

(i) / has null strong asymptotic expansion of Gevrey order 1 and type R following 6. 

(ii) / is exponentially fiat of type R following 0. 
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Proof, (i)^(ii). Given 6i > 0, there exists C > such that, for every N = {Ni, . . . , A^„) G N^, 



on 6. Stirhng's Formula shows that, if e > 0, a constant C > exists with 



Then, 



\f{z)\<CC'fl[[^ + 6^y~\l + e)N,\z,\Y\ 



Denote Aj = (^-^ + e ^(1 + £:). The real function g{x) = {AxY {A > 0, x > 0), takes its 
minimum value at x = {Ae)^'^. So, put Xj = {Aj\zj\e)~^, and take Nqj G Nq with A^'oj < xj < 



Noj + 1. We have 

= e exp 

So, a constant C" > exists such that 

n 

\fiz)\<C"l[exp 



1 1 



i + (1+5)1^^-1 



Now, given 6 > 0, take positive 6i, e such that (1 + e) (^-^ + < and conclude. 

(ii)^(i). Conversely, for 5 > 0, let us take 6i > such that 6i < min^ Rj, and 

(5) 



1 1 
S ^<^ + ^, J = l,2, 



According to Definition 13.61 there exists M > such that, for every N = {Ni, . . . , A^^) G Nq, 
and every z & S with arg(z) = 0, we have 



< 



I Zj I exp 



If G No and H > 0, the function g{x) = x ^ ■ exp(—H/x) is bounded above by [^]^ on 
(0, oo) (where [■] denotes integer part). So 



< M 



n 

n[ 



A^, 1 



< 



M^NlW 



1 



□ 



for some M2 > (again, by Stirling's Formula). Conclude using (|5]) 

The main purpose of this paper will be to generalize the main result of [5] to several complex 
variables. We recall here, for completeness, this result. We need first a definition. 
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Definition 3.9. Let 5 be a polysector in C". A function / : S* — )■ C is said to be asymptotically 
bounded in S if it is bounded on every subpolysector T ~< S. 

Theorem 3.10 (Fruchard-Zhang [5], Thm. 1). Let S = S{a,/3;p) be a sector, and / G 0{S) 
asymptotically bounded. Let f{z) G C[[z]] and 6' be a direction in S. 

(i) If / ~ / following 9, then / ~ / in S*. 

(ii) The same result holds for 1-Gevrey asymptotics. More precisely, if / ~i / following 
9o with type R{9q) > 0, then along any direction ^ of 5, / ~i / following 9 with type 
R{9), where R{9) is defined as follows: 

if^G(a,a'] 

R{9)=Ir{9o) if 9 e [a', 13'] 

where a' = minj^o, + f }> /9' = max{6'o, /3 — |}. 

4. Classical results revisited 

The following Lemma is an extension to the boundary of a well-known result of complex 
variables. It will allow us to make some reasonings by induction. 

Lemma 4.1. Let S* = 5*1 x ■ ■ ■ x S'„ C C" be a polysector, / : 5 — t- C continuous and 
holomorphic in 5*. If a = (a2,...,a„) G dd{S2 x ■■■ x Sn), then : Si — )■ C defined by 
fa{z) = f{z, a) is holomorphic in Si (and continuous in Si). 

Proof. Only the holomorphic part is interesting now. Take a sequence {am. G 5*2 x ■ ■ ■ x Sn}m 
converging to a, and K C Si a. compact set. Consider the holomorphic functions : 5*1 — )■ C 
defined by fm{z) = f{z, 

If L = {a^jmeN U {«.}, / \kxL- K x L ^ C is uniformly continuous. So, given e > 0, 36 > 
such that if {z,w), {z',w') e K x L, \\{z,w) — {z',w')\\ < 6 implies \ f{z,w) — f{z',w')\ < e. 
If m is big enough such that \\a — am\ \ < S, then \ fa{z) — fm{z)\ < e for every z E K, and so, 
{fm}m converges uniformly in the compact subsets of 5*1 to /„. □ 

Remark 4.2. Lemma [4. II remains valid if some (or all) components of a belong to the interior 
of the sectors. It allows to generalize some well-known results from complex analysis, as follows. 

Lemma 4.3. Let ^ be a polysector and / G 0{S)r]C(S). If |/(z)| < M for all z G ddS, then 
|/(z)|<Min S. 

Proof. We reason by induction in n. If n = 1, there is nothing to prove. If n > 1, let 
z = (zi, . . . , Zn) G dS. Assume, without loss of generality, that zi G dSi (5* = 5*1 x ■ ■ ■ x Sn), and 
consider /^^ {w2, . . . , Wn) G 0{S2 x ■ ■ ■ x Sn) nC(5'2 x ■ • • x Sn) constructed as in Lemma I^TTl We 
have |/^^(t(;2, . . . , t^n)! < M on 9rf(S'2X- ■■ xS'^), and by induction hypothesis, \fz-^{w2, . ■ . ,Wn)\ < 
M on ^2 X ■ ■ ■ X Then \f{z)\ < M on dS, and so, on S. □ 
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Finally, we state an appropriate version of Phragmen-Lindelof principle in several variables. 

Theorem 4.4 (Phragmen-Lindelof). Let S = YYi=i^i ~ S{^i(^'iP) be a polysector, / G 
nC(nj=i(5'i \ {0})), and assume \ f{z)\ < M for every z e {dSj \ {0}). Assume 

also that, for a certain j G {1, . . . , n}, there are strictly positive functions 

K{zj>) = K{zi, .,Zn), and L{Zj') = L{zi, .,Zn), 

IT 

and ttj < such that 

(3j - a J 

(6) \f{z)\ < K{z„ z.) exp ^ L{zl,...,z,,...,z^) ^ 

on S. Then \f{z)\ < M on S. 

Proof. Consider Zq = (zqi, . . . , ^on) ^ S, and fzoj G fl C{Sj \ {0}) defined by 

fzo,j{Zj) = f{zoi, . . . ,Zj, . . . , Zon)- 

Applying Phragmen-Lindelof principle in one variable (more precisely, the version stated in [5l 
§2]), we have that \fzo,j{zj)\ < M on Sj, and the result follows. □ 

5. Strong asymptotic expansions following a direction 

Our first objective will be to show that if S* is a polysector, and / G 0{S) has null strong 
asymptotic expansion following a multidirection, then / has null strong asymptotic expansion 
in S. In one variable, the key result is Lemma 2 from [5], which is very similar to forthcoming 
Lemma 15. 2[ However, Lemma 2 there imposes some technical conditions, in particular, the 
constant C that appears needs to be at least 1. The generalization to the several variables case 
needs to drop this condition, but then the proof presented in [S] is no longer valid. We give in 
the sequel the necessary modifications. 



Lemma 5.1. Let S = S{a,f3;oo) be an unbounded sector, and / G 0{S) fl C(5') such that 

rg( 

C 



\f{z)\ < M for every z G 5, and \ f{z)\ < on arg(z) = a, for some M,C, X > 0. Then, 



\f{^)\<K 



0-a 



\Z\ 

for every z E S \ {0}, where 9 = arg(z), K = max{l, M}. 

Proof. The proof of Lemma 2 in ^ shows how to construct a holomorphic function h in S\ {0} 
such that 



\Z\ 



for every z. Indeed, one defines 



2[p — a) p — a p — a 
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Consider g{z) := f{z)e If aTg{z) = a, we have 



l9WI<lT^Vf^)" = l. 



1 IA / 




\z\ ' 





If arg(2:) = /3, \g{^z)\ < M. As g has subexponential growth at infinity, Phragmen-Lindelof 
principle shows that \g{z)\ < K. Then 



|/(z)|<|^7(z)|-|e'^(^)|<K-(^) 



□ 



Let us now return to the origin. Given two rays arg(z) = a, arg(2) = /3, a sectorial domain of 
opening (a, /5) is an open set U , such that e U\U, and that for each (a', /?'), a < a' < /?' < /3, 
there exists R{a', (3') > such that S{a', (3'; R{a', (3')) C U . Most results concerning asymptotic 
expansions on sectors can be restated, with obvious modifications, for sectorial domains, as they 
are often of local nature with respect to the origin and the radii of the sectors involved are less 
important than the openings. Though we are interested in obtaining estimates on a whole 
bounded sector, sectorial domains will be useful in our argument. To simplify notation, we will 
consider in Lemma I^T^ a sector bisected by the real axis, of opening 2a < | and of radius 1, 
i.e., S = S{—a, a; 1), < a < |. 

Lemma 5.2. Let / e 0{S) f] C(S \ {0}), such that \f{z)\ < M on S and \f{z)\ < C \z\^ on 
arg(z) = —a, for some M, C, A > 0. Then, given e G (0, 1) there exists a constant K > Q such 
that on S* \ {0} we have 

\ \ '^l 2a 

1 



(7) \f{z)\<K.{C\z 
with 6 = arg(z). 

Proof. Consider F{z) = f (^), defined on 



= {z e C \ -a < arg(2) < a, \z\ > 1}. 



Denote V = S{—a, a; oo). For every z G S^^ with arg(2;) = a we have that < Take 

Zq = e*", and consider G{z) = F{z + Zq), defined on V. On argz = a we have 1^(^)1 < 
, and also l^l'*' < \z + zo\^, so |G'(2;)| < there. 



c 



Using Lemma [5.11 for the function Gi{z) = G{z), we deduce that 



|G(.)|<i^o-(^) 
on \ {0}, where 6{z) = arg(2) and Ko = max{l, M}. Hence, 

\F{z)\<Ko-(- 

Zo\ 
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on zo + {V\ {0}), with 6o{z) = arg(z — zq). Write 

C 



\F{^)\<Ko 



Write 








\ 2a 


z 




Z- Zo 



2a 



Consider a > 1, to be specified later on, and Zi — QjZq. It is clear that Zi + V C zo + {V\ {0}), 
and that 



KAa) 



sup 



Z- Zo 



: z e zi + V } e (1, oo). 



Since ^°^2o^°' G [0, 1] for every z & Zi + V , we have in this set that 



\F{z)\<Ko-K,{a)^-(^ 



C 



9o(z)+Q 
2a 



Now, given e G (0, 1), there exists a > such that 

9o{z) + a 



l-e< 



9{z) + a 



for every z E Zi + V, 



where, as before, 9{z) = arg(z). We impose also that a is big enough so that ^ < 1. Then, as 
l^l > a on + V^, we obtain that 



\F{z)\<Ko-K^ 



^ e(z) + a 9o(z) + a 
(-J \ 2a e{z) + a 



C 



\z\ ' ^\z\ 
So, if we consider the sectorial domain \J\ := {z\ + V^)~^, on f/i \ {0} we have 



1/(^)1 <J^o-i^i'- 



as desired. However, some extra effort is needed in order to conclude, since \J\ does not 
contain a sector S{—a,a\p) for any p > 0. Observe that the opening of \J\ is (—a, a), and 
its boundary consists of the segment [0, ^e~*°] and an arc in S joining ^e~*" and 0. If we 
change in the previous argument the point Zq into = e~*°, everything can be repeated word 
by word, obtaining a large enough value a > such that, if we consider the sectorial domain 
f/2 := (ae-^° + on Us \ {0} we have 

\f{z)\<K,.K^,.{c\zf^"~^^^~^ , 

for a suitable constant Ki > 0. We note that the opening of U2 is again {—a, a), but now 
its boundary consists of the segment [0, ^e*""] and an arc in S joining ^e'" and 0. One easily 
realizes that Ui U U2 does contain a sector T = S{—a, a; p) for suitable p > 0, depending on a. 
On T\ {0} we have the desired estimates for /, with K = J<'o(max{ii'i, K2})^, and they can be 
extended to the whole of S" \ {0} by suitable enlarging the constant K, again in a way which 
ultimately depends only on a. □ 
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Remark 5.3. The reader can perform the technical modifications (basically consisting of scal- 
ing, rotation and/or ramification) to deal with the case of an arbitrary bounded sector in C 
Most importantly, the constant K appearing in ([71) depends only on a, which in turn depends 
on e and, moreover, has been chosen under the requirement that ^ < 1. So, the value of a, 
and consequently that of can be taken uniformly for every C < C. This is essential in the 
extension of the Lemma 15.21 to several variables, as follows. 



Lemma 5.4. Let S = Si x ■ ■ ■ x Sn = S{a, (3; p) be a bounded polysector in C", and / G 
0{S) n C{ U]=i(Sj \ {0})) such that \f{z)\ < M for every z e S. Assume there exist C > 
and A = (Ai, . . . , A„) G (0, oo)" such that \f{z)\ < C ■ \z\^ for every z e S with arg(2:) = a.. 
Then, given e G (0, 1) there exists K > such that for every z G nj=i('5'i \ {0}) we have 

|/W|<A-.(C|Z|^)'-™-''""', 

where 

f^jizj) = n _ j = l,...,n. 

Pj aj 

Proof. For the sake of simplicity, and since the general case is treated equally, assume n = 2. 
On arg(2) = (ai,a2) we have \f{z)\ < C|2;i|'^^ \z2\^^ ■ Fix zi G 5*1 with arg(2i) = ai, and 
consider the holomorphic function fzi{z2) := f{zi,Z2) on 5*2. Given e G (0,1), there exists 
K2 > such that 



1^(^2)1 <i^2- (C|^l|"M^2| 



for every Z2 G 5*2. Here, the role of the constant C in Lemma [5.21 is played by C |2;i| \ Let us 
note that for every zi G 5*1 we have C \zi\ ^ < Cp^\ So, by Remark 15. 3 [ the constant K2 can 
be chosen independent of zi, as long as arg(zi) = ai. 
Fix now Z2 E S2. We have 

1/(^1,^2)1 < K2iC \Z2\^'Y'-'^^''^''^ |^^|AU1-.V2(.2) ^^g(^^) ^ 

Applying again Lemma [5. 2[ there exists a constant Ki > 0, which, reasoning as before, can be 
chosen independent of Z2, such that 

1/(^1,^2)1 < Ki ■ K^2^~'^'''^''^ ■ (^C\Z2\^'Y^-'^'^'^''^^^^'^^ ■ |2^|^i(1-^)Vi(^i)M2(^2)_ 

The result follows. □ 

Let us apply this Lemma to show that null strong asymptotic expansion on a mult idirect ion 
implies null strong asymptotic expansion on the polysector. 

Proposition 5.5. Let S* C C" be a polysector, and / G 0{S) asymptotically bounded in S. If 
/ has null strong asymptotic expansion following a multidirection ex. = (ai, . . . , a„) in S, then 
/ has null strong asymptotic expansion in S. 
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Proof. Fix T = 11^=1 ^ ^ ^^'^ ^ — (^i' • • • ' ^n) G ^o- After suitably splitting or widening 
each Tj, according to whether aj is a direction in Tj or not, one clearly sees that it suffices to 
deal with the case that aig{zj) = aj is one of the edges of the sector Tj. Indeed, we will consider 
Tj = S{aj, I3j] pj) for some Pj > aj and pj > 0. Take 6 > such that 11^=1 S{aj, /3j + 6; pj) -< S, 
and consider V = YYj=i where Vj = S{aj, (3j+6; 1) for j = 1, . . . , n. Let us define the function 

(8) giZu ...,Zn) = fiplZi, . . . , PnZn)- 

The hypotheses imposed on / immediately imply that g E 0{V)r]C[ YYj=ii'^j \ {0})) > that 
there exists M > such that \g{z)\ < M for every z E V. Fix e G (0, 1), and for j = 1, . . . , n, 
take Xj G Nq verifying 

Put A = (Ai, . . . , A„). Since / has null strong asymptotic expansion following ck, there exists 
C > such that 

1/(2)1 <C|z|^ on arg(2) = a, 2 G 5. 
Hence, for every z E V with arg(z) = a we have 

\g{z)\<Cp',^---p'M^ = C,\z\\ 

By Lemma [5.41 there exists K > such that for every z E 11^=1 (^i \ {0})' 



(10) \giz)\<K-{C^\z 
where 



l3j + 6- aigjzj) . 

Note that for Zj E S{aj, /3j; 1) C Vj one has 

|.,|<1, /^.(-.) > ^-^^3^, J = l,...,n. 

Taking into account these inequalities, (1T0|) and ([9]), we find that there exists C2 > such that 
for every z E U%iS{aj, I3j] 1), 

\g{z)\<CM''- 

Finally, recall (IH]) to conclude that for every z E T, 



Pl Pn Pi ■■■P 



n 



as desired. □ 

We shall now extend this result to the Gevrey case in several variables. The statements are 
similar to the corresponding ones in one variable, and we will only sketch the proofs. It is 
important to have in mind what a type being means for an exponentially fiat function (see 
Remark 13.71) . 
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Lemma 5.6. Let S = S{a,(3]p) be a polysector, with Pj — aj < vr for j = l,...,n, and 
/ e 0{S) nC( nj=i(5j \ {0})) and bounded in nj=i [Sj \ {0}) . Let Rj{aj), Rj{Pj), for j G AT, 
be nonnegative numbers such that for every multidirection r] = (771, . . . ,?7„), rjj G {aj,(3j}, f is 
exponentially fiat of type R{r]) = (i?i(?7i), . . . , Rnijjn)) on t}. Then, for every multidirection 
on S", / is exponentially fiat of type R{6) = (i?i(6'i), . . . ,Rn{9n)), where RjiOj) is defined as 
follows: 

(i) If Rj{aj) > 0, RjiPj) > 0, talce a circle through the points 0, Rj{aj)e'^"^ , Rj{l3j)e^^L 
The straight line of angle 9j intersects the circle in 0, Rj{9j)e^^^. 

(ii) If Rjidj) > 0, Rj{f3j) = 0, talce a circle instead through 0, Rj{aj)e^"^ , tangent to the 
line of direction Pj. Analogously if Rj{oij) = 0, Rj{Pj) > 0. 

(iii) If Rj{aj) = Rj{(5-) = 0, take RjiOj) = 0. 

Proof. If {aj,(3j} are in the cases (i) or (ii), let [0,aj] be the diameter of the circle. If {aj,f3j} 
are in the case (iii), talce aj = 0. Apply Phragmen-Lindelof Theorem 14.41 to the function 

g{z) = f{z).exp(^ + ... + ^) 

\Zl ZnJ 

to obtain the result. □ 

From this result, we deduce Watson's Lemma in several variables for functions with null 
strong asymptotic expansion following a multidirection. 

Lemma 5.7. Let S = 8(0., (3; p) be a polysector, / G 0{S) ^C{JYj=i{S j \ {0})) and bounded 

in 11^=1 ('S'j \ {0}). Suppose that for some jo; Pjo ~ ^jo — ^"^^ f exponentially fiat of type 
R = (i?i, . . . , Rn) G [0, 00)" in multidirection 60, with Rj^ > 0. Then, / identically vanishes. 

Proof. Fix z with arg(2) = Oq = {9i, . . . , 9n), and consider f^j^ : S{ajg, f3j^^; pj^) — )■ C defined as 
fz,jo{z) = f{zji,z). Applying the one variable version of Proposition 13. 8[ we see that fzjo has 
null strong asymptotic expansion following 6j^, of Gevrey order 1. By Lemma 5 of [5], fzj^ = 0. 
As z was arbitrarily chosen, we deduce that / = on arg(2;) = Oq. Classical results of complex 
variables show that, then, / = (see, for instance, Pl p. 31], where the multidirection is 
real) . □ 

Combining previous results, we obtain: 

Proposition 5.8. Let S = S{cx.,/3] p) and / G 0{S), asymptotically bounded in S and having 
null strong asymptotic expansion 1-Gevrey of type R = {Ri, . . . , Rn) G {0,oo)"' following a 
multidirection of S. Then, / has null strong asymptotic expansion 1-Gevrey in S. 



Remark 5.9. In the previous Proposition, let us assume that 13 j — aj < tt for every j. As 
indicated in [5], the type of the asymptotic expansion can be computed using Lemma 15. 6^ 
particularly case 2. Geometric considerations show that for a multidirection = {61, . . . ,6n) 
on S, the type is R{0) = (_Ri(0i), . . . , Rn{9n)), where 

^ if^,G[^o„/3,], 




sin{eoj-/3j) 

if^, G[a„S] 
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Let US now establish a Borel-Ritt-Gevrey type theorem in several variables. This result is 
presented in [S]. As we need to control not only the Gevrey order, but also the type of the 
expansion, we will repeat here the main steps of the proof. 

Definition 5.10. Let / = E Inz^ E C[[z]], R = ...,/?„)€ (0, cx))". We will say that 

/ is a 1-Gevrey series of type R if for every 6 > 0, there exists C = C{6) > such that 

" / 1 

|;,| <C-.iV!. n(^ + ^j . 

j=l ^ J / 

Remark 5.11. For a function / admitting 1-Gevrey strong asymptotic expansion in a poly- 
sector S, consider the formal series FA(/) := X^ATeN" In^^ , whose coefficients are the constant 
elements of TA(/) given by 

Then, one has that FA(/) is a 1-Gevrey series. The next paragraph and theorem show us a 
way to go in the opposite direction. 

For a 1-Gevrey series / = ^ Jnz^ of type R, define its 1-Borel transform as y^{z) = 

-^/nz^, convergent in D{0,R). Take Zq = (^oi, • • • -^on) E D{0,R), and define the 

truncated Laplace transform as 

(11) F{z) = Cl{^){z) = / •■■ / v{t).exp(-^-...-^]dt,...dt^. 

n 

F{z) is holomorphic on Sq = Yl S{a.Yg{zoj) — |, arg(zoj) + f ; oo). 

i=i 

A total family of strong asymptotic expansion may be defined from the series / as follows. 
Let 7^ J C AT. Write 

/>)= UjM-^r, 

where focj{zji) = f{ocj,aj,)Zji'' are lj/-Gevrey series. Define 



"—^ ex. p ! 



7/ 



and 



FcA^j') = ^ ■ ( n / " ) v^"./(*^') ( - E ) • n 



(where, for short, the product symbol before the integrals denotes an iterated integral). Con- 
sider T = F{f) = {F^A^ji)- %^J<zU, cxjE NjJ}. 
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Theorem 5.12 (Borel-Ritt-Gevrey). With previous notations, F{z) has the family J^{f) as 
total family of 1-Gevrey strong asymptotic expansion in 5*0. Moreover, given a multidirection 6 
in 5*0, the type of this strong asymptotic expansion is R{0) = (_Ri(^i), . . . , _R„(^„)), where 
Rji^j) = koil ■ cos(% - arg(2oi)). 

Proof. We shall only compute the type of the strong asymptotic expansion on every multidi- 
rection, referring to [8] for a more detailed account on some of the forthcoming computations. 
Indeed, given N G Nq , we depart from the following expression in [8l p. 376]: 



F{z) - App„{T)(z) 



f{OLJ,OLjl) 



a I'd ji^ , , 

aj<N J aji>N ji \j&J ^Oj 



POO tj \ I PZOj fj 

n/ ^?-"dtAiii t^"cit, 



Given 6 > 0, 3C = C{6) > such that, for every a = (ai, . . . , a„) G Nq 



\U\<Ccxlll[Y + ^ 

i=i ^ ^ 



So, we can estimate 



^^^■^ E E E n 

lijtJCAf ocj<Nj Q.j,>Nj, j£j 



R,j 



+ 5 1 t j 1 e (itj 



n 



IS^JCAf aj<Nj aj,>Nj, jeJ ^ ^ 



s^^e dsj 



n 

jGJ' 



< 



1 



E E E 



1 



' ' 9j^JCAf cxj<Nj ct j,>Nj, ^ 

As l^ojl < Rj, taking 6 small enough, we obtain a bound 

1 , lAT 



1 










AT! ■ 






AT+l 


1^0 





" "J (is,- 



1 



D-N\- 



mew 



for certain D = > 0, as desired. □ 
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Remark 5.13. Regarding the previous result, it makes no difference to consider series, resp. 
functions, with coefficients, resp. values, in a complex Banach space, instead of limiting our 
construction to complex series and functions. 

In the sequel, we will need to consider vector spaces of holomorphic functions in a polysector 
admitting 1-Gevrey asymptotic expansion with a type depending on the multidirection. In 
order to guarantee that these spaces have a suitable Banach space structure, their definition 
will involve estimates for the derivatives. 

Definition 5.14. Let ii^ be a complex Banach space, 5* = S{a.,f3; p) C C" a polysector, and, 
for every j = 1, . . . ,n, let Rj : {aj,(3j) — > (0, oo) be a function such that for every compact 
subset K C {aj,(3j) one has that 

(12) inf RJe) > 0. 

For every multidirection 6 = {6i, . . . , On) in S we write 

R{e) = 

We will denote by W}^^g^{S, E) the space of holomorphic functions from S to E verifying 



(13) ||/||,^(.) := sup{^ : 0{z) = arg(z), zeS, NeN-}< +oo. 

Proposition 5.15. The pair (yVl^i^0^{S, E), \\-\\ji(^Q)j is a Banach space. 

Proof. Thanks to the conditions (IT^ imposed on the functions Rj, it is easy to prove that 
a Cauchy sequence in W}^^qs^{S, E) converges uniformly on the compact subsets of S* to an a 
fortiori holomorphic function from 5* to E, which will ultimately belong to VV]j(-g^(S', E). □ 

Remarks 5.16. 

(i) Suppose that for j = 1, . . . , n, we are given functions Rj : (oj, f3j) — )• (0, oo) verifying 

and RjiOj) < RjiOj) for every % G {aj,Pj). Put R = {Ri,...,Rn). Then, the 
inclusion Wl^^gs^^S, E) C ^^^^g^iS, E) is continuous. 

(ii) As follows from Proposition 3 in [8], given a function / with 1-Gevrey strong asymptotic 
expansion in S (as stated in Definition 13. ip . for every T ~< S there exists a constant 
vector A e (0, oo)'' such that / e >Vi(T, E). 

Conversely, every / G >V^(0>)(S', -E) admits 1-Gevrey strong asymptotic expansion 
in S. Indeed, we may associate to / a coherent family by the expressions in and 
for AT = (iVi, . . . , A^„) G we have that 

f{z)-App^{T)iz) 

11 yj '^^^'^ J ■ ■ ■ y dtj^Nj j D f{ti^Ni,h,N2^ ■ ■ ■ ^in,N„) 
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for every z = {zi, . . . , Zn) G S, where ti^ Q = Zk and the product symbol stands for an 
iterated integral (see [SI E])- In order to conclude, it suffices to estimate this integral 
on every T -< S" by using ( IT3l) and ( fT2|) . In this way, one also gets that every / G 
Wj^f^Q-jlS , E) admits 1-Gevrey strong asymptotic expansion in every multidirection 
in S with type R{6). 

Our next aim is to show that the function studied in Theorem 15.121 belongs to a suitable 
space of this kind. 

Proposition 5.17. Let E he a. complex Banach space and / = ^ Jn^^ G -£^[[2]] be a 

1-Gevrey series of type R = . . . , G (0, 00)". Then, the function E constructed in 
Theorem 15.121 belongs to W~ , , (5*0, -E), where the function 

is such that for every multidirection = {9i, . . . , On) in 6*0, 

^ l^ojl cos^(^i - arg(2;oj)) < Rji^j) < \ |%| cos^(^j - arg(2oi)), j = 1, . . . ,n. 



Proof. It makes no difference to take E = <C Put zq = {zqi, . . . , z^n), arg(2o) = {Oqi, . . . , Oon). 
For every multidirection d = {61, . . . ,6n) in Sq we write S{6) = cos{0 — arg(zo)). Given 
z = [zi, . . . , Zn) G 5*0 with argument 6, and c G (0,1), one easily checks that the closed 
polydisc centered at z with polyradius 

C6{6)\z\ := (cCOs(6'i - 6'oi)|2;i|, . . . ,CCOs(6'„ - 9on)\Zn\) 

is contained in Sq. Let N = {Ni, . . . , Nn) G N[J. Since Appj^{TA{E)) = on So, Cauchy's 
integral formula allows us to write 

,N^, JV^ f F(a;)-App^(TA(F ))(a;) 



i2m)- Jd^D{z,cdi0)\z\) 



where stands for the distinguished boundary. According to Theorem 15. 12^ there exists D > 
such that 



1 



\E{cv) - App^(TA(F))(a;)| < D ■ N\ ■ ■ la^r , ^ = (^i, • • • , c^n) G So, 

where R{uj) = (|2;oi| cos(arg(a;i) - 601), . . . , |2;on| cos(arg(a;„) - 6on))- Hence, 

|0"F(.)|<Z)iVP'\+f'y max ' 



cS{d))^ i:jeddD{z,cSi0)\z\) R{u:)^ 

CCOSiOi — 6oi) lw,-2,l=ccos(6». 



6oj) \Ljj-Zj\=ccos{ej-eoj)\zj\ l^ojl cos(arg(u;j) — ^oi) 
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Now, it is clear that we may reason componentwise, so we assume n = 1 and drop the subindices. 
Put 6{6) = cos{6 — 6q). One finds from elementary considerations that 

1 1 

max 



\oj-z\=c5{e)\z\ \zo\ cos(arg(u;) - ^o) l^^ol cos {\9 - 9o\ + arcsin(c5(6'))) 

1 



Since c G (0, 1) was arbitrary, one obtains that 

\D-Fi^)\<Dm^(-^^ inf Y, 

V i^oi 5(^)2 c6(o,i) c( vi - c^{ey - c/i - 6{ey ) J 

what means that F G W~, JSq) for 

(14) RiO) = |.ol sup ^(vi-cw-cv/T^W ) _ 

ce(o,i) l + cd(6') 

Finally, we estimate the value of g{6{9)) (in particular, we deduce that R verifies ffT21) ). On 
one hand, observe that the numerator and denominator in the last quotient increase with 
5{9) G (0,1], so that 

giS{9)) < sup cVl - c2 = J. 

ce(o,i) 2 

On the other hand, taking c = 1/2 and with the help of calculus software we obtain that 



ITWo) 17- 



□ 



The following result can be essentially found in [9l [16], and we omit its eminently techni- 
cal proof. It will be useful when reducing our problem in several variables to a one-variable 
situation. 

Lemma 5.18. Let = 5*1 x 5*2 be a product of two polysectors, and let Ri,R2 be functions 
as those described in Definition I5.14[ respectively acting on the multidirections 6i on 5*1 and 
02 on 5*2. Then: 

(i) The map 

defined by '^i{f){zi, z^) = f{zi){z2) is well defined and it is an isomorphism. Moreover, 
for each n, m G Nq we have 

D("'-)v[/i(/)(^,,Z2) = D^{D^f{z^)){Z2), {Z,,Z2) ES,X S2. 

(ii) The map 

^2 : y^kie.)iSuy^kio.)iS2)) ^ y^kie,)iS2,Wkie.)iSi)) 
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defined by \l/2(/)(z2)(^i) = /(^i)(^2) is an isomorphism. Moreover, for eacli n,m eNq 
we fiave tliat 

D"(D-vl/2(/)(z2))(zi) = D"'{D^f{z^))iz,), {z^, z,) G Si x ^2. 

In order to state our main result, we need a definition. 

Definition 5.19. Let J" = {/nj : 7^ J C A/", Nj e N^} be a colierent family on a polysector 
S = Si X ■ ■ ■ X Sn- Tlie subfamily J^i consisting of the elements of J-" that depend on n — 1 
variables is called the first order family associated to J-". More precisely, 

J^i = {fmi^yizj') : J G AT, m G No} , 

where, according to ([3]), 

zj^o ml 

For simplicity, we will write fjm instead of fnn^y Note that J^i consists of the n sequences 

{/imjmeNo; j = 1, ... ,11. 

Given / admitting strong asymptotic expansion in S, TAi(/) will denote the first order family 
associated to TA(/). TAi(/) inherits coherence conditions from TA(/) (see Definition l3.2l) . We 
say a first order family is coherent if it verifies such conditions. 

Remark 5.20. There is a one-to-one correspondence between coherent families and coherent 
first order families (see [HIE])- 

Example 5.21. Ifn = 2, a coherent family is 

= {/ln(^2), f2m{Zl), fnm : n, m G Nq}, 

where the coherence conditions mean that the asymptotic expansion of /i„(22) is J2mfnmZ^, 
and the asymptotic expansion of f2m{zi) is J2nfnmZi, for every n,m E Nq. The first order 
associated family is, loosely speaking, 

J^l = {/ln(22)}neNo U {/2m (^^l ) }m6No • 

Let us now introduce some new spaces needed in the sequel. 

Definition 5.22. Let ii^ be a Banach space, and a = (ajv)jveN" a multisequence in E. Fix 
A G (0, cx))". We will say that a G rJi(N[}, E) if 

\^\a ■= sup I^^Xlk^ : iV G N^} < +00. 
The pair (r^(NQ,-£/), H^) is a Banach space. 

Remarks 5.23. 

(i) As before, given A, B E (0, 00)" with A < B, we have that the inclusion rg(NQ, E) C 
r^(NQ,£') is continuous. 



STRONG ASYMPTOTIC EXPANSIONS IN A MULTIDIRECTION 21 

(ii) Given / G W}^^g^{S,E), it is clear (see Remark EHI]) that FA(/) G r^(g)(N[},E) for 
every multidirection in S. 

(iii) If a = (aAr)jvgNjf ^ r^(No, -E), then / = J^Ne^ cln^^ is a 1-Gevrey series of type A. 

We are ready to state the following result, which tells us which are the natural conditions 
to depart from in an interpolation problem in the spaces VV^^0)(S'). Its proof follows directly 
from the definitions of the different spaces involved. 

Lemma 5.24. Let S = YYj=i ^ polysector, and suppose / G ^^^0^(5*) for some function 

Ri0) = {RM,...,RM)- 

Let 

TA,{f) = {fJUz^.)■.JE^^, me No} 

be the first order family of strong asymptotic expansion of / (see Remarks I5.16p . Then we 
have: 

(i) For j = 1, . . . , and m G Nq, fjm G >V]^^,(0.,)(5'j'). 

(ii) For j = 1, . . . ,n, {/jmjmeNo e ^R.(ej)(^o,yV}t^,(^0^,){Sj')) for every direction 9j on Sj. 

Example 5.25. Suppose n = 2 and / G VV^(0)(S'), where S = Si x S2, R = (Ri, R2)- Let 

TAi(/) = {hn{z2), f2m{zi) ■ n,m & No}. 

By the previous Lemma, {/i„}„gNo ^ ^]i^[ei)i^o,y^]i^(^3^){S2)) for every direction 61 on 5*1, and 
{/2m}meNo ^ r)j^(g^) (Nq, >V^^(g^) (5*1)) for cvery direction 6*2 on S2. 

The next interpolation Lemma is essentially stated in [161 Thm. 3.4], though that result did 
not contain the specific estimates we are going to provide now. 

Lemma 5.26. Let S = S{oc, (3; 00) = 11^=1 ^ be a polysector such that, for every j, the 
opening of Sj, /3j — aj, is less than or equal to vr. For j = 1, . . . , n, let i?-,- : {aj, (3j) — )■ (0, 00) 
be a function under the conditions in Definition I5.14[ and define R = {Ri, . . . , as usual. 
Suppose given a coherent first order family J^i = {fjm '■ j = ^, ■ ■ ■ m G No} such that for 
every j = 1, . . . ,n and every direction Oj on Sj, 

{fjm}mmo e '^R,{e-)(^o,yVR^,{e^,)iSj')). 

For every j = 1, . . . ,n, choose zqj in the bisecting direction Oqj of Sj and such that \zQj\ < 
supg^^(^^. f^.-j Rj{9j), and consider the functions Rj-. {aj,(3j) — (0, 00) introduced in Proposi- 
tion EIITl If we put 

(15) Rj = min(i?j, Rj), j = 1, . . . ,n, 

and R = (i?i, . . . , Rn), then there exists / G W^, AS) such that TAi(/) = J^i. 
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Proof. For simplicity of the notations, the proof will be carried on for the case n = 2, the 
general case being treated in the same way. So, we depart from a coherent first order family 

J^l = {fln{z2), f2m{Zl) : 71,771 & Nq}, 

with {/i„}„GNo G r}j^(g^)(No, W]j2(g2)(5'2)) for every direction Oi on 5*1, and 
(16) {f2m]mmo e r)j,(,,)(No, WA,(,o(^i)) 

for every direction 62 on S2. The series (pi{zi) = J2nmQ finZi/7i\, with coefficients in >V]^^(-g^-)(S'2), 
converges. For zqi as stated, put 5*01 = S{9qi — 7r/2, 6'oi + 7r/2; 00) D 5*1. We may consider the 
function H^^ := C'^^^{(pi) which, by Proposition I5.17[ belongs to W~ ^('S'oi? VV^2(6i2)('S'2)) and 
admits the series X^„gi^(, finZi as its asymptotic expansion in Sqi. According to Lemma \5.18\ 
the function ift^l := belongs to 

Put TAi(ifW) = : 72 , 771 e No}. From Lemma EE] we also get that h[l = /i„ for 

every n e No, while Lemma [521 implies that {/li^ijmeNo G r^2(e2)(^0' "^li(6»i)('^i)) ^^^^^ 
direction 62 on So, taking into account (IT^ . (IT5]) and the first item in Remarks 15.161 we 
deduce that {/s^ - 4m}»nGNo G rk(e2)(^0' ^^^^^ direction 6*2 on 5*2. Hence, 
the series (p2{z2) = Z]mGNo(/2m - ^im)^"/"'^'' ^ith coefficients in ^^^^^^g^-^i^i), converges. Take 

^02 as specified, and 6*02 = 5'(6'o2 — 7r/2,6'o2 + vr/2; 00) D 5*2. We consider the function : = 
C^^^{ip2) which, again by Proposition 15. 171 belongs to W- , . (5*02, Wg , SSi)) and admits the 

series ^mgN()(/2m — ^2m)^™ its asymptotic expansion in 5*02- By Lemma [5.181 the function 
:= ^^(i/f) belongs to 

^(k(ei),R2(e2))^'^i ^ '^02) C ^lR,f^e,)M62))^^^ ^ '^2)- 

Write TAi(/7[2]) = {/if], /igl, : n,m G No}. Lemma [EH] tells us that 41 = /2m, - 41 for 
every m G No, and Lemma 4.3 in [16] allows one to conclude that h\l^ = for every n G No. 
So, the function / := H^^^ + i/'^^ solves the problem, since / G y^funA^) ^^^^ by linearity, 
TAi(/) = J-i. □ 

We can now state and prove the main result of this paper. The statement generalizes the 
one variable case (Theorem 1 in [5]). 

Theorem 5.27. Let S = S{(x,f3;p) = YYj=i^j ^ polysector, / G 0{S) asymptotically 
bounded in S, and J-" a coherent family in S with first order subfamily J^i = {fjm '■ j G A/", 771 G 
No). 

(i) If / has strong asymptotic expansion following a multidirection ^o in S, given by the 
family J-", then / has J-" as its family of strong asymptotic expansion in S. 

(ii) Suppose 6q — ^■l<cx.<0Q<j3<6Q + j l, and let / have J-" as family of 1- 
Gevrey strong asymptotic expansion following Oq = (6*01, . . . , 6'on), with type Ro{Oo) = 
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{Roi, • • • , -Ron)- For j = 1, . . . ,n, let Rj : {aj, f3j) — )■ (0, oo) be a function as in Defini- 
tion EiTH and suppose that for every j = 1, . . . ,n and every direction 9j on 5*^, 

Then, / admits 1-Gevrey strong asymptotic expansion in S, with type R{0) in multi- 
direction 0, where R{0) = {Ri{9i), . . . , RniOn)) is defined as follows: 

Let 7 := g{5{Q)) = 0.30028 . . ., where g is defined in (fT4|) . Put, for every j = 1, . . . , n, 
7i := sup0^GK,/3,) ^i(^i)' ^j(^oi) := min(i?oi,7i -l^Rjidoj))- Then, we define 



RjiOj] 



Proof, (i) Borel-Ritt's theorem for strong asymptotic expansions has been obtained in different 
ways, see P, ESI Ej- ft asserts the existence of a function /q G 0(5") admitting as its family 
of strong asymptotic expansion in S. So, the function h := f — Jq & ^{S) is asymptotically 
bounded in S and admits null strong asymptotic expansion following Oq. By Proposition I5.5[ 
h has null strong asymptotic expansion in S, and so f = h + fo admits strong asymptotic 
expansion in S given by the family J-". 

(ii) Clearly, 6o is the bisecting direction of a polysector of opening vr ■ 1 and containing S. 
Choose Zo = {zqi, . . . , ZQn) in the multidirection Oq such that \zQj\ < •jj for j = l,...,n. 
From the hypotheses and from Lemma \5.2Q\ there exists a function F G ^^^g-^i^) such that 

TAi(F) = J-*!, where Rj = mm[Rj,Rj), j = l,...,n, R being the function introduced in 
Proposition 15.171 In particular, by the second item in Remarks I5.16[ F has 1-Gevrey strong 
asymptotic expansion in S, of type R{0) in every multidirection 6. Then, the function h := 
f — F has null strong asymptotic expansion following Oq, of type 

(min(i?oi,-Ri(6'oi)), • • ., min(i?on, 6*071) )) • 

Note that for j G Af, 

Rj{9oj) = mm(Rj(9oj),Rji9oj)) = mm{Rj(9oj), kojb)- 

Using Proposition 15.81 we deduce that h has null strong asymptotic expansion in S, and Re- 
mark [5]9] gives the type R'{0) of this expansion in every multidirection = {9i, . . . , 9n) as: 

(mm{Roj, Rji9oj), \zoj\l) Z(eo~-aA if ^ ("j' ^oj], 
R (9 ■) = \ J' 

' ' \min(/?o,, RAOo,), ko,l7)5|^ if % e (^o„ Z?,]. 

Finally, f = F + h will admit 1-Gevrey strong asymptotic expansion in 5* of type R{0) in 
multidirection 6, where R{6) = {Ri{9i), . . . , Rn{9n)) is obtained as 

R,{9,) = min(i?,(^,), R'.{9,)), 3 e AT. 

In order to conclude, it suffices to make l^ojl tend to 7^ for every j. 
□ 



Remarks 5.28. 
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(i) One can treat the case of Gevrey strong asymptotic expansion in wide polysectors, i.e., 
without the restriction Oq — ^■l<cx.<OQ<f3<0o + ^l, with a technique similar 
to the one employed in 0. However, the result becomes hard to state and we do not 
think it worthy to go into details. 

(ii) All the results in this paper can be easily generalized for fc-Gevrey strong asymptotic 
expansions, for some k = {ki, . . . , kn) G (0, oo)", as defined by Haraoka [8]. 
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